IOPSClence iopscience.iop.org

Home Search Collections Journals About Contactus My IOPscience

Dual Baxter equations and quantization of the affine Jacobian

This article has been downloaded from IOPscience. Please scroll down to see the full text article.
2000 J. Phys. A: Math. Gen. 33 3385
(http://iopscience.iop.org/0305-4470/33/16/323)

View the table of contents for this issue, or go to the journal homepage for more

Download details:
IP Address: 171.66.16.118
The article was downloaded on 02/06/2010 at 08:06

Please note that terms and conditions apply.



http://iopscience.iop.org/page/terms
http://iopscience.iop.org/0305-4470/33/16
http://iopscience.iop.org/0305-4470
http://iopscience.iop.org/
http://iopscience.iop.org/search
http://iopscience.iop.org/collections
http://iopscience.iop.org/journals
http://iopscience.iop.org/page/aboutioppublishing
http://iopscience.iop.org/contact
http://iopscience.iop.org/myiopscience

J. Phys. A: Math. Gen. 33 (2000) 3385-3405. Printed in the UK PII: S0305-4470(00)11373-3
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Abstract. A quantum integrable model is considered which describes a quantization of the affine
hyper-elliptic Jacobian. This model is shown to possess the property of duality: a dual model with
inverse Planck constant exists such that the eigenfunctions of its Hamiltonians coincide with the
eigenfunctions of Hamiltonians of the original model. We explain that this duality can be considered
as duality between homologies and cohomologies of quantized affine hyper-elliptic Jacobian.

1. Introduction

The relation between the affine Jacobian and integrable models is well known (cf [1]). In
paper [2] we have shown that the algebra of functions on the affine Jacobian is generated by
the action of Hamiltonian vector fields from a finite number of functions. The latter functions
are coefficients of the highest non-vanishing cohomologies of the affine Jacobian. Actually,
the idea that such a description of the algebra of functions is possible appeared in [3] which
considers the structure of the algebra of observables for the quantum and the classical Toda
chain.

In this paper we give a quantum version of [2]. A quantum mechanical model is formulated
which gives a quantization of the affine Jacobian. As usual in quantum mechanics, we can
describe not the variety itself but the algebra of functions on it (observables). We need to show
that the quantum algebra of observables possesses the essential property of the corresponding
classical algebra of functions. In our case this property is the possibility of creating every
observable from a finite number of observables (cohomologies) by the action of Hamiltonians.

In the process of realization of this programme we find the Baxter equations which describe
the spectrum of the model. It happens that these equations possess the property of duality:
there is a dual model with inverse Planck constant for which the eigenvectors are the same.
The algebras of observables of two dual models commute. The next ingredient of our study
is the method of separation of variables developed by Sklyanin [4]. Using this method we
present the matrix elements of any observable in terms of certain integrals.

We show that the integrals in question are expressed in terms of deformed Abelian integrals
(cf [3,5]). The observables for both dual models are defined in terms of cohomologies.
The most beautiful feature of our construction is that in these cohomologies the integrals for
matrix elements enter in such a way that the cohomologies of the dual model play the role
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of homologies for the original one and vice versa. We consider this relation between weak—
strong duality in quantum theory and duality between homologies and cohomologies as the
most important conclusion of this paper.

2. Affine Jacobian

In this section we briefly summarize necessary facts concerning the relation between integrable
models and algebraic geometry, following paper [2]. The reason for repeating certain facts
from [2] is that we shall need them in a slightly different situation.

Consider a 2 x 2 matrix which depends polynomially on the parameter z:

_(a@m b(2)
m(z)_<c(z) d(z))

where the matrix elements are polynomials of the form

a(x) =2 v @zt 4+ +agn

b(z) =28 +b1z8 4+ by

1
c(@) =¥ + 3 g W
d(x) = doz® ™ +d3z8 0+ dgy.
In the the affine space C**? with coordinates ay, ..., Ags1, b1, ... bg, C2y..., Cou2,
d, ..., dg41 consider the (2g + 1)-dimensional affine variety M defined as quadric
f(@) =a@d(z) —b(2)c(z) = 1. (2

We consider this simplest situation, but in principle it is possible to put an arbitrary polynomial
of degree 2g in the rhs.
On the quadric M let us consider the sections Ju(¢) defined by

a(z) +d(z) =1(2) 3
where 7 (z) is given polynomial of the form
1@) =" 28+ g 4

The notation Jug (¢) stands for affine Jacobi variety. The definition of affine Jacobi variety and
its equivalence to Jy () described above are given in the appendix A. We include appendix A
because there is minor difference with the situation considered in [1,2]. The variety M is
foliated into the affine Jacobians J,(#). The mechanical model described below provides a
clever way of describing this foliation.

We wish to understand the geometrical meaning of quantum integrable models. The
general philosophy teaches that in order to describe the quantization of a manifold one has
to deform the algebra of functions on this manifold, preserving certain essential properties of
this algebra. The classical algebra must allow the Poisson structure in order that quantization
is possible.

Certain Poisson brackets for the coefficients of matrix m(z) can be introduced. We do not
write them down explicitly; if needed they can be obtained by taking the classical limit of the
commutation relations (14). The algebra

A:C[al,..-,ag+1,b1,.-.,bg,Cz,...,Cg+2,d2,...,dg+1]

becomes a Poisson algebra. The most important properties of this Poisson structure are the
following. First, the coefficients of the determinant f(z) belong to the centre of the Poisson
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algebra, so equation (2) is consistent with Poisson structure. Second, the trace 7 (z) generates
the commutative subalgebra

{t(z),1(z)} =0.

In fact it can be shown that the coefficient #,. of the trace belongs to the centre; it is convenient
to put 7g4; = (—1)8*12. The subject of our study is the algebra of functions on the M:

~

A= A
{f(2) =1, 101 = (=1)8+12}
on which the Poisson structure is well defined.

The Poisson commutative algebra generated by the coefficients 71, ..., #, is called the
algebra of the integrals of motion. Introduce the commuting vector fields

dig =1{ti, g} i=1,...¢g.
The vector fields 9; describe motion along the subvarieties Jyf (7).

One can think of these vector fields as
0

I 81‘,-
where 7; are ‘times’ corresponding to the integrals of motion #;. Define the ring of integrals
of motion

T=Clt, ..., t]. (@)
Introduce the space of differential forms C* with basis

xdr, A AdT, xeA
and the differential

d =0;dr;.

Consider the corresponding cohomologies H*. In [2] the arguments are given in favour of the
following conjecture.

Conjecture 1. The cohomologies H* are finite-dimensional over the ring T, they are
isomorphic to the cohomologies of the affine variety Ju (t) with t in generic position.

On the algebra A and on the spaces C* one can introduce degree [2]. Take the basis of H#
considered as a vector space over 7 which is composed of homogeneous representatives

Qy = godry A -+ AdT,

where « takes a finite number of values. The fact of foliation of M into varieties Ju¢ (%)
corresponds to the following statement concerning the algebra A [2].

Proposition 1. Every element x of A can be presented in the form

x:Zpa(al,...,ag)ga (6)

where po (01, ..., dg) are polynomials of 91, ..., g with coefficients in T.

The representation (6) is not unique; the equations

> pa(@r. ... 08 =0 )

are counted by H¢~! [2].
Formula (6) can be useful only if we are able to control the cohomologies. Concerning
these cohomologies we adopt several conjectures following [2].
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3. Conjectured form of cohomologies
The affine variety Ju (¢) allows the following description. Consider the hyper-elliptic curve
X of genus g:
w? —t(zx)w+1=0. 8)

This curve has two points over the point z = oo which we denote by co™.
Consider a matrix m(z) satisfying (2). Take the zeros of b(z):

g
b(z) = H(Z —2zj)
j=1

and
w; = d(Z,)

Obviously z;, w; satisfy the equation of the curve X (8). Thus m(z) defines a point P (divisor)
on the symmetrized gth power X[g] of the curve X. The divisor P consists of the points
pj = (zj,w;) € X.

On the other hand, one can reconstruct m (z) starting form the divisor P. The corresponding
map is singular, the singularities being located on

D = {P|p; =o(p;) for some i, j or p; = oot for some i} )
where o is a hyper-elliptic involution. Thus the alternative description of Jy (¢) is
Jait (1) = X[g] — D.

Consider the meromorphic differentials on X with singularities at co®. We choose the
following basis of these differentials:

d
m(p) == —g<k<0
10)
d , dz (
mi(p) = [y—(zk § 1y)] — k>1
dz >

where p = (z, w), y = 2w —1(2), [ ]> means that only non-negative degrees of Laurent series
in the brackets are taken.
The form

e = Z/Lk(Pi)

is viewed as a form on Ju(¢). It is easy to see that the forms u; (hence fi;) withk > g + 1
are exact. Consider the space W™ with the basis

Quyokn = ity Ao A [,
where —g < k; < g. As in [2] we adopt the following conjecture.

Conjecture 2. We have
Hm _ Wm (1 l)
N

where

g
o = Z[LJ /\ITL,j.
J=1
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According to (9) the singularities of differential forms occur either at p; = o(p;) or at
pi = oot. The nontrivial essence of conjecture 2 is that the first kind of singularity can be
eliminated by adding exact forms. There are (g — 1)-forms singular at p; = o (p;) such that
these singularities disappear after applying d. This is the origin of the space o A W*=2 [2].

Consider briefly the dual picture. On the affine curve with punctures at co® there are
2g + 1 nontrivial cycles &, with k = —g, ..., g. The cycles &, k < 0 are a-cycles, the
cycles 8, k > 0 are b-cycles and §; is the cycle around oco*. One defines the cycles §; on
the symmetrical power of the affine curve. The A-operation is introduced for these cycles by
duality with cohomologies. The nontrivial consequence of conjecture 2 is that every cycle on
Jate (¢) can be constructed by wedging 8. The formula dual to (11)1s

Win
Hy = — (12)
o' A Wm—2
where W, is spanned by

AAAAA

and
g ~ ~
o = Z 8j AN 8_j .
=1
We need to factorize over o’ A W,,,_, because the 2-cycle o’ intersects with D.
Let us return to the relation of H# to the algebra .A. Notice that
duy A AdTy @ L A Al = Q.

The functions

-1
Xy kg = Q.. k,

are symmetric polynomials of zy, ..., z,. Recall that by, ..., b, are nothing but elementary

symmetric polynomials of z, ..., z;. Hence the coefficients of cohomologies have the form
8a = 8a(by, ..., by).

The dimension of H¢ is determined by conjecture 2:

<2g + l> <2g + 1)
a=1,..., — .

8 §—2
Equations (7) are the consequences of the following ones:

8
D QT ok Ak ) =0 Yy g, € WETL (13)
k=1

4. Quantization of the affine Jacobian

Let us consider a quantization of algebra A. The parameter of deformation (Planck constant)
is denoted by y, we shall also use

g =e.
Consider the 2 x 2 matrix m(z) with noncommuting entries. Suppose that the dependence on

the spectral parameter z is exactly the same as in the classical case (1). The variables a;, b
c;, d; are subject to commutation relations which are summarized as follows:

Jj»

r21(z1, 22)m(2)k12(21)S12m2(22)k21 (22) = M2 (22)ka1 (22)S21m (21 k12 (21)712(21, 22)
(14)
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where usual conventions are used: equation (14) is written in the tensor product C?> ® C?,

ag=a®l,a =1®2, a = Pa;P where P is the operation of permutations. The

C-number matrices r, k, s are
21

— g2 Z1+4q22
r2(z1, 22) = ﬁ(l 1)+ Trq

k@ =10 -0+ +2(q" = Do) @ +0?)
sp=I1®1—(q—q¢ Ho  ®c".
These commutation relations are important because they respect the form of matrix m(z)
prescribed by (1); we shall explain how they are related to more usual r-matrix relations in the
next section.

Define the polynomials:

t(z) = qa(z) +¢*d(z) — z2(¢> — Db(2)
f(2) = qd@t(zg™) — ¢*d(z)d(zg ) — gb(2)e(zqg ™).

The algebra A(q) is generated by ay, ..., age1, b1, ..., bg, €2, ..., Coua, da, ..., dgyr. The
polynomial f(z) belongs to the centre of /i(q). The coefficients of ¢(z) are commuting; in
fact t,,1 belongs to the centre of A(g). We define

Alg)

{f(2) =1, tg = (=1)s*12}

The noncommutative algebra A(g) defines a quantization of the algebra of functions on the
quadric M. However, we cannot directly define the quantization of the algebra of functions on
the affine Jacobian because the coefficients of £(z) are not in the centre of .4(g). What we can
do is to describe the quantum version of proposition 1 and of the description of cohomologies.
The exposition will be more detailed than in the classical case.

As in [3] we accept the following conjecture.

(0*®0%)+2(zic" @t +220"®07)
(15)

(16)

Alg) =

Conjecture 3. The algebra A(q) is spanned as linear space by elements of the form:

x=pr(ti,...,t)gb1, ..., b)prty, ..., t;) amn
where py (ty, ..., t;), g(bi,...,bg), pr(ty, ..., t,) are polynomials.

We were not able to prove this statement; however, since the algebra A(q) is graded we can
check it degree by degree. This has been done up to degree 8. Notice the similarity between
the representation (17) and the representation for spin operators proved in [6]. Conjecture 3
implies that certain generalization of the results of [6] is possible. In fact, formula (17) is similar
to formula (6): we can either symmetrize or antisymmetrize ¢; in (17), which corresponds in
classics to multiplication by ¢; or to applying d;. In order to have complete agreement with
the classical case we have to show that only finitely many different polynomials g(b, ..., b,)
(cohomologies) create the entire algebra A(g).
Notice that the commutation relations (14) imply in particular that

[b(2), b(z)] =0

which means that we have the commutative family of operators z; defined by

b) =[] - z).
So, every polynomial g(by, ..., bg) can be considered as a symmetric polynomial of z; and
vice versa.
It is very convenient to use the following formal definitions. Consider the ring 7 defined
in (5). By V¥ we denote the space of antisymmetric polynomials of k variables such that their
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degrees with respect to every variable is not less than 1 with coefficients in 7 ® 7. In other
words, V¥ is the space spanned by the polynomials

pL-h-pr=prlti, ... t)h(zi, .., ) prty, ..o 1)

where / is antisymmetric, vanishing when one of z; vanishes. The following operations can
be defined.

(1) Multiplication by #; and £.
(2) Operation A : V¥ ® V! — V¥ which is defined as follows:

(pL-h-pr) A (pp-h' - pR)=pLpy - (W AR - prpk
where

1

(h AR (z1, .oy zk) = FATII

D D hGaays - Zr)H Gty - - Zne)-

TESku

We have a map
Ve L Ag)

defined on the basis elements as

h(zi, ..., 2g)
.h- = ty,...,t
x(pr-h-pr)=pLlt Tz T i—2)

and continued linearly. The conjecture 3 states that this map is surjective. We want to describe
the kernel of the map y.

First, consider the space V!. The elements of this space are polynomials of one variable
z with coefficients in 7 ® 7. In appendix B we describe a certain basis in V! considered as a
linear space over 7 ® 7. The basis in question consists of the polynomials: s; with k > —g
such that the degree of s; with respect to z equals g + k + 1. The kernel of yx is the joint of
three subspaces; let us describe them.

pR(tls 7tg)

(1) For k > g + 1 we have
x(se AVETH = 0. (18)
(2) Consider ¢ € V? defined as

g
c = Z S A\ S_j.
=1
We have
x(c AVETH) =0. (19)
(3) Consider d € V! defined as
d= (tj — t})s_j.
We have

x(d AV = 0. (20)
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The construction of the space

Ker )~ @

is in complete correspondence with the classical case. In classics we start with all the 1-forms
k. Imposing (18) corresponds to throwing away the exact forms and working with i, for
k = —g, ..., g only. Imposing (19) corresponds to factorizing over o A W*~2 in classics.
Finally, (20) corresponds to equation (13).

The origin of equations (18)—(20) will be explained in section 9. There should be a purely
algebraic method of proving these equations, but we do not know it. It is important to mention
that by accepting conjecture 3 we are forced to conclude that the kernel of x is completely
described by the equations (18)—(20). This is proved by calculation of characters in a similar
way as in [3].

5. The realization of .A(q)

We want to describe a realization of the algebra .A(g) in a space of functions. Consider the
quantum mechanical system described by the operators x; with j = 1,...,2¢g +2 and y (zero
mode). The operators x; and y are self-adjoint, they satisfy the commutation relations:

XpX] = qlexk k<l

VX = g Xy Vk.
The Hamiltonian of the system is

2g+2
-1 -1
h=gq E XXy
k=1

where

X2g+3 = ¢YX1.
Physically this model defines the simplest lattice regularization of the chiral Bose field with
modified energy—momentum tensor.
It is useful to double the number of degrees of freedom. Consider the algebra A generated
by two operators u and v satisfying the commutation relations

uv = qou.

Take the algebra A®C8D). (he operators u;, v; (j = 1,...,2g +2) are defined as u and v

acting in jth tensor component. The original operators x; are expressed in terms of u;, v; as
follows:

k=1 2842

xkzvkl_[u;z y:l_[uj.

j=1 j=1

Consider the ‘monodromy matrix’

- a b
m(z) = (Zg; JEZ) =lrg2(2) ... 11(2) 2

where the /-operators are

I(z) = iy _q””> . 22)

1
ﬁ <zv‘1u‘1 0
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This is a particular case of the more general /-operator /(z, ) in which the last matrix element
is not 0 but xzu; the model corresponding to the latter [-operator is a subject of study in a
series of papers [7].
The matrix elements of the matrix m(z) satisfy the commutation relations
r2(z1, 22)mi(z1)ma(z2) = ma(z2)ma (2171221, 22) (23)

where the r-matrix rj2(z1, z2) is defined earlier (15). These are canonical r-matrix
commutation relations. The quantum determinant of the matrix m(z) is defined by

f@) =d@azg™) — b(x)é(zg ™)

and it belongs to the centre; in our realization of m(z) one has f(z) = 1. The trace of m(z)
generates commuting quantities; we denote this trace as follows:

a(z) +d(z) = yt(2).
The matrix elements of the matrix m(z) are of the form
a(z) = @oz8*" + @128 + -+ Agan
b(z) =boz® +b1z8 '+ + l~)g
@) =&z +&zf 4+ + Egniz
d)=d 28 +doz8 '+ 4 cigz

(24)

where, in particular, ag = y. This form of polynomial, a(z), b(z), &(z), d(z), does not
correspond to what we have in the classical model of the affine Jacobian. This is the reason
for modifying the matrix ni(z) as follows:

~ 7] 7 o~
. aobo 0 ~ boao 0
mi@) = (—J1501 1)7”(2) (q&1a01 1)
The matrix elements of this matrix have structure (1), they satisfy closed commutation
relations (14), and the operators f(z) and t(z) defined for these two matrices coincide; in
particular we have
ty =h.

Thus the modification of matrix m(z) which is necessary for relation to the affine Jacobian is
responsible for the appearance of the strange-looking commutation relations (14).

6. Q-operator

Our first goal is to define Baxter’s Q-operator. Let us realize the operators v, u in L,(R) as
follows:
v=e* u=e"i.

We shall work in the ¢-representation, i.e. in the space §) = (L, (R))®(28+2) Following the
standard procedure [8] one introduces the vectors Q(¢ | V1, ..., ¥2442) which depend on
¢=1logz
and 2¢ + 2 additional parameters, ¥;, and satisfy the equation
(D@D Q& | Y1, -+ Yaga2)
= QU iy [1. .. Yage2) + O — iy i, ... Yagea).

In @-representation the ‘components’ of these vectors are given by
2g+2

Q@1 .. pagaalC W1, Vage) = 2D TT AClon — v el Y (25)
k=1
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where Yo = Y42,
(ply) = e300~
M) =e Vo — eV V0
and the function ® () satisfies the functional equation
Dlp+iy) 1
D(p —iy) 1+e?

The solution to this equation is

B(0) = ex / elkv dk
$) =cxp R+io 4sinh yksinhmwk k )°

This wonderful function and its applications can be found in [9].
As usual we want to consider Q(¢, ..., 22| | V1, ..., Yags2) as the kernel of an
operator:

(26)

27

Q((plv cees (p2g+2|§|1/f1’ sy 1//2g+2) = <(p17 RN ¢2g+2|Q(§)|wlv RN I//2g+2>'

The subtle point is that we have to use mixed representations: the vectors |i¢) are the
eigenvectors of the operators

wEe'/’ = uvu.

Notice that this justifies the notation (¢|v) in (26), and that

The operators Q(¢) satisfy the equations
(—D*(2) Q) = Q¢ +iy) + Q —iy). (28)

This is the well known Baxter equation.
Before going further, let us discuss the properties of operator Q(¢). We have

P(p) = 2(9)

1 29
D(p) ~ exp (sz) as ¢ — o 29)

so the kernel of Q(¢) for ¢ € R is an oscillating function, and it is clear that our operator is
well defined on the functions of v; of Schwartz class (Schy,) sending them to functions of
@; which are also of Schwartz class (Schy). Using equations (29) one easily finds the kernel
(¥ 1Q*(¢)|e) of the adjoint operator Q*(¢) (we consider the case of real ¢). Further, note that
the /-operator can be rewritten as

1 zu —qu*1 w
NG <zuw1 o ) G0
Applying to this /-operator the same procedure as before one finds that Q*(¢) also solves the
Baxter equation (28):

(=D () Q% (¢) = QF (¢ +iy) + Q" (¢ —iy).
It can be shown that
Q(¢) = 9" () for ¢ eR.

Considering the kernel of operator Q*(¢) one finds that this operator acts from Sch,, to Schy,.
So, the products Q(¢)Q(¢’) are well defined, at least for ¢, ¢’ € R.

I(z) =
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We want to show that the operators Q(¢) constitute a commutative family:

[Q(2), Q)] =0. (3D
To this end we want to show that the operator Q(¢) can be rewritten as
Q) = tra(Lazg+2(8) -+ - La1(£)) (32)

where the operators L,;(¢) act in the tensor product of the ‘auxiliary space’ labelled by a and
of the ‘quantum space’ where ¢;, V; act. Actually in our case the ‘auxiliary space’ will be
isomorphic to the ‘quantum space’, i.e. we shall have a universal /-operator. If the operators
L4; () satisfy Yang—Baxter equations with some R-matrix then the commutativity (31) follows
from the standard argument.

To find the representation (32) rewrite (25) as

2g+2

Q) = e rare / [T 4, dv, (W 1£a Ol (@ 1¥) 1)

j=1
where @', ¥ are operators acting in the ‘auxiliary space’, ¥; = ¥3,,,. S0, (32) indeed takes
place if the kernel of the ‘universal’ /-operator is given by

(@@ WILOIW) ®lp) =8(p — NS — YA e — ).
Hence, equation (32) holds for the operators £,;(¢) of the form

L12(0) = Pialia(2)

where P is the operator of permutation, and the operator ﬁlg(f) acts in the tensor product as
follows:

Lon@)=rxC eI —1®1Y).

Thus the operator Q(¢) can be considered as trace of the ‘universal’ monodromy matrix and
the commutativity (31) follows from the Yang—Baxter equation:

Ri2(61 — 82 Lo (€ L12(82) = Las(0) L1a (D) Ra3 (L1 — &) (33)

with the simple r-matrix

. I —o®1
7212(g,):exp(( QY —¢® )4“)'

2iy

The Yang—Baxter equation (33) in our case is almost trivial. In the case of the more general
l-operator [(z, ¥) mentioned above, we would need to use a more complicated r-matrix and
the proof of Yang—Baxter equations needs some nontrivial identities [10].

The self-adjoint (for real ¢y, ¢») operators Q(¢;), Q(¢>) commute, hence the eigenvectors
of Q(¢) donot depend on ¢. In fact, the operator Q(¢) is an entire function of {. The kernel of
Q(¢) has poles, but in the process of analytical continuation the poles never pinch the contour
of integration. The Baxter equation (28) implies that Q(¢;) and £(z) also commute. Suppose
that Q(¢) ant £ (z) are eigenvalues of these operators; owing to equation (28) they satisfy

(=D#1(2)Q(0) = Q¢ +iy) + Q¢ —iy). (34)

Let us discuss further analytical properties of Q(¢). Since the operator Q(¢) is an entire
function of ¢ the eigenvalue Q(¢) is an entire function as well. As has been said, £(0) = £,
belongs to the centre of the algebra defined by the commutation relations (23), so we can fix
it. It is convenient to put tz,; = (—1)+12 which allows us to require that

Q) —1  —> —o0. 35)
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From quasiclassical considerations which are completely parallel to those from [3, 8] it is
naturally to conjecture that the eigenvalues of Q(¢) have zeros only on the real axis and that
asymptotically for { — oo one has

Q(r) ~ e €I cog (

2
Rl SN Z) : (36)

y 4

The important question is whether equation (34) together with the analytical properties
described above are sufficient to find the spectrum of commuting Hamiltonians. In our opinion
it is impossible: additional information is needed, which is provided in the following section.

7. Duality

Consider the function ®(¢). The most interesting property of this function is its duality:
together with equation (27) it satisfies the equation

O(p +im) . 1

Plp—im)  1+er?
Using this property and the definition of the operator Q(¢) one finds that there is dual equation
for Q(¢):

—DT(Z)QC) = Q¢ +7i) + Q¢ — i) (37)
where
Z = 627”5
and T'(Z) is the trace of the monodromy matrix
M(Z) = Lyg2(Z) -+ L1(Z)
with

1 ZUu! —QVU
L(Z)_ﬁ(zv-lU—1 0 )

The dual operators
U=¢er? V =i
satisfy the commutation relations
Uv =0VvU
with dual
0= eig.
The only nontrivial commutation relations of u, v with U, V are
uV =-Vu vwU =—-Uv
which means that
SU@DHUQL(Z) =UQL(Z)UER) DS
with § = 03 ® o3, From here it is obvious that
[t(z), T(Z)] = 0.

All that is the result of manifest duality of the kernel of Q(¢) with respect to change:
w2 T b4 T
y > — {—> =¢ v~ —@; v —> —y;.
14 14 14 v
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It is clear that T'(Z,) and Q(¢;) commute, so equation (37) implies the equation for
eigenvalues:

(=D¥T(2)Q(¢) = Q¢ + i) + Q¢ — 7i). (38)

The function Q(¢) is not an entire function of z as is the case in other situations (for
example, [11]), which is why equation (28) alone does not look strong enough to define it.
However, equation (37) controlling the behaviour of Q(¢) under 2i-rotation in the z-plane
must provide the missing information.

So, our main conjecture is as follows.

Conjecture 4. The spectrum on t(z) (and, simultaneously, of T (Z)) is described by all
solutions of equations (34) and (38) such that

(1) t(2) and T (Z) are polynomials of degree g + 1.

(2) Q(¢) is an entire function of ¢.

(3) Q(¢) satisfies (35) and (36).

(4) All the zeros of Q(¢) in the strip —(m +y) <Im (¢) < (7w + y) are real.

8. Separation of variables

The relation of integrable models to the algebraic geometry can be completely understood in
the framework of separation of variables.
We have already mentioned that

[b(z), b(z)] =0
whichimplies commutativity of the operators z; defined asroots of b(z). Consider the operators
w; = (—=1)**qd (%)

where d (%) means that z;, which does not commute with coefficients of d(z), is substituted
to this polynomial from the left. Following Sklyanin [4] one shows that

Zjwp = WiZ;j JjFk zjwquzwjzj
and

w; —w;t(F;)+1=0. (39)
Introduce the operators

¢; = %log(zj)

and consider the wavefunction corresponding to a given set of eigenvalues of integral of motion
ti, ..., t,in -representation. Equation (39) implies [4] that we can look for this wavefunction
in the form

(C1yenes Goltry oy tg) = Q(81) -+ - Q&)
where Q(¢) satisfies
Q¢ +iy) + Q¢ —iy) = (=1D*1(2) Q)

where 7(z) is constructed from the eigenvalues ¢. This equation coincides with equation (28)
written for particular eigenvalues. So, following [8] we claim that the wavefunction in separated
variables is defined by the eigenvalue of the operator Q which connects two different approaches
to integrable models.
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Note that the vector [#1,...,1,) is the eigenvector for the operators T7, ..., T, since
the function Q(¢) satisfies equation (37). In order to identify explicitly the eigenvalues of
Ty, ..., T, weshall write |t1, ..., 15 T1, ..., Ty).

We have the algebra of operators .A(g) and the dual algebra A(Q) which act in the
same space $). All the operators from .A(g) commute with the operators from .A(Q). The
fundamental property of A(g) is that it is spanned as linear space by elements of the form (17)
according to conjecture 3. A similar fact must be true for A(Q). Taking these facts together
one realizes the algebra A(g) - A(Q) is spanned by the elements of the form

X=xX=pi(ts,....t) PL(T\, ..., Ty)

xg(bi, ..., b)G(By, ..., By)Pr(Ty, ..., Te)pr(ty, ..., t,). (40)
We denote by h(zi, ..., 2,) and H(Z, ..., Z,) the antisymmetric polynomials obtained from
g(by, ..., by)and G(By, ..., By): for example,
h(zi,..., 2) = l_[zi H(zi —2)gb1(Z1, ... Zg)s . bg (21, ., Zg)).
i<j

Let us consider the matrix element of operator X between two eigenvectors of
Hamiltonians. The wavefunctions are real for real ¢. By the requirement of self-adjointness
of t(z) and T'(Z) one defines the scalar product [4]. The matrix element in question is

(tr, ooty Ty Tl Xty oo 1 T T)

= pL(ll, ...,Ig)pR(li, ...,t/)PL(Tl, N Tg)PR(T/, e T(é)

o] e8] g
xf d¢g / dg‘gh(zl,...,zg)H(Zl,...,Zg)l_[Q(g‘j)Q’(g“j). 41
- —00 =1

*° J
When does the integral for the matrix element (41) converge? Suppose that

g+k+1 ~ 78+H+]
: H Zj

h~z]

when ¢; — oco.

Then the integrand in the matrix element behaves when ¢; — oo as

exp2¢; <(k— 1)+§(1— 1)).

Hence, for generic y the integral converges only if k = 1,/ = Oor k = 0,/ = 1. When

y is small we can allow the operators with [ = 0 and k < %; oppositely, when y is big the

operators with k = 0 and ! < % are allowed. The limits y — 0 and y — oo are two dual
quasiclassical limits. For these limits the operators / = 0, Vk and k = 0, VI respectively define
the classical observables. At least these operators must be defined in the quantum case: if the
quantization procedure makes sense the principle of correspondence must hold. Hence, the
fact that in general only two operators with k = 1,/ = 0O or k = 0,/ = 1 lead to convergent
integrals means that some regularization of these integrals is needed. The regularized integrals
in question must allow us to define the matrix element (41) for arbitrary k, /; they have to
coincide with usual integrals whenever the latter are applicable and they must satisfy some
additional requirements which will be discussed in the section 9. The origin of these additional
requirements is in the cohomological construction explained in section 4.
Note that any antisymmetric with respect to zy, ..., zg and Zy, ..., Z, polynomial

h(zi, ..., 20)H(Zy, ..., Zy)
can be presented as a linear combination of products of Schur-type determinants

k; 1
det |z | det | Z}|
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where {ki, ..., kg}and {ly, ..., [} are arbitrary sets of positive integers. So, the integrals (41)
can be expressed in terms of 1-fold integrals

[o.¢]
(IIL) ~ / Q) QN()L(Z)dg (42)
—00
where [ and L are polynomials such that /(0) = 0 and L(0) = 0. The symbol ~ means that

the integrals in the rhs are not always defined; the regularization is defined in appendix B. In
the next section we describe results of this regularization.

9. Deformed Abelian differentials

In appendix B we define the polynomials s (z). These polynomials are of the form

si(z) = 8+ —g<k<0
1 k_1 43
@) = — (4 AARLIE k=1 “3)
iy \gk+1

where - - - stands for terms of lower degree (containing ¢, t; in coefficients) explicitly given in
appendix B.

In the classical case every polynomial defines an Abelian differential on the affine curve
X — oo*. Similarly, we consider the polynomials s; as corresponding to ‘deformed Abelian
differentials’. Let us be more precise. The regularized integrals are defined in appendix B in
such a way that they satisfy several conditions. The first of them is

(sk1S)) =0 k>g+1 vi (44)

(s¢|S1)y =0 Vk [ >g+1. (45)
Owing to (44), we consider the polynomials s;, k > g+ 1 as corresponding to exact forms. The
polynomials s; with k = —1, ..., —g correspond to first-kind differentials, s, corresponds to
the third-kind one and s; with k = 1, ..., g correspond to second-kind differentials.

Explicitly, the relation with the classical case is as follows. Consider the case t(z) = t'(z)
and take the limit

re = 27! lim s;(2).
y—0
Then the classical Abelian differential related to s is

() dz

Mk =

A similar interpretation can be given to S; which correspond to Abelian differentials in
the dual classical limit y — co. However, the most interesting feature of our construction
is that together with this cohomological interpretation an alternative ‘homological’ one is
possible. The polynomials Sy, k > g + 1 correspond to retractable cycles according to (45).
The polynomials S; for k = =*1,..., g are interpreted as analogues of the cycles §; on
the ‘deformed affine curve’; Sy corresponds to cycle § around oo™ which is nontrivial on the
affine curve. The pairing (/|L) defines the integral of the differential defined by / over the cycle
defined by L. The asymptotics of the integrals (/|L) in the classical limit y — 0 are, indeed,
described by Abelian integrals. Certainly, the opposite interpretation (I-cycle, L-differential)
is possible, which corresponds to the dual classical limit. It is not the first time that this kind
of object has appeared [5], but it is the first time that we have observed real duality between
two classical limits.
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Let us define the pairing between two polynomials /; and I,:
Lok = lim /A oo @n @ 0 - in
+Q(¢ — ) Q' (¢ — im)(2)8, 1 (QQ'L) (¢ —iy)lde (46)

where

8:(f(£)) = f (& +i&) — f(D). (47)
One can show that these formulae give well-defined antisymmetric pairings which correspond
classically to natural pairing between meromorphic differentials

P
W] O Wy = ICSp—oo+ (wl (P)/ 0)2>.

The polynomials s+ ; and for j =1, ..., g constitute the canonical basis
Sk O8] = Sgn (k — l)(Sk,,l.
Similarly, to introduce the definition of L; o L, it is sufficient to make the necessary
replacements in (46): [; < L;, z < Z, y <> m. The polynomials S ; are canonically
conjugated.
The following antisymmetric polynomials play the role of 2-forms o and o’ used in

classics:
g

@z, z2) =Y (s-j(z1)sj(z2) = 5;(z1)s—; (z2)
= (48)
C(Z,2y) = Z(S—j(zl)sj(z2) = 8;(Z1)S-j(Z2)).
j=1
As usual [5], the most important property of the deformed Abelian integrals is that the
Riemann bilinear relations remain valid after the deformation. Namely, consider the following
2g x 2g period matrix: P with the matrix elements

P = (s¢|S1) ki=-g,....,—1,1,...,g.
The deformed Riemann bilinear identity is formulated as follows.

Proposition 2. The matrix P belongs to the symplectic group:
P e Sp(2g). (49)

This proposition is equivalent to a number of bilinear relations between the deformed Abelian
integrals. To prove them it is convenient to consider the domain of small y (y < m/n) when
the regularization of integrals simplifies, and then continue analytically with respect to y.
Nevertheless, the proof is rather complicated technically: it is based on nontrivial properties
of the regularized integrals. We do not give this bulky proof here.

There is one more relation for deformed Abelian integrals. One can check that

8
d|S) =0 vk d=Y (tj —t)s_; (50)
j=1
(s¢/D) =0 Vk D =) (T; = T)S_;. (51)
j=1

Relations (50) do not have a direct analogue in terms of Abelian integrals; recall that we put
tj = t; taking the classical limit which turns the relation into triviality. However, there is
another way of taking the classical limit where this equation is important [3].
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10. Return to quantization of the affine Jacobian

Let us return to the main subject of this paper: quantization of the affine Jacobian. Consider
any x € A(g). Such x is identified with x - I € A(q) - A(Q), so, owing to conjecture 3 the
matrix element of x can be presented as

(t, s tglxlty, oo tg) = pr(te, . 1) pr(ty, -, 1)

oo e8] 8
xf d{l.../ dg“gh(m,...,zg)HI(Zl,...,Zg)l_[Q(gj)Q/(g“j) 52)
— —00 j=1

o0 J

where the eigenvalues of T; are the same on the left and the right, so we do not write them
explicitly; the polynomial H; which corresponds to X = [ is given by

8
Hi(Zy.....Zp =[]z ][]z - zp.
j=1

i<j
Note that
H]:S_]/\-"/\S_g. (53)

The formula for the matrix elements (52) for small y (when no regularization of integrals
is needed) can be deduced rigorously starting from the realization of .A(¢g) defined in section 4.
The following equations follow respectively from (44), (50), (49) (recall the notation of
section 4):

sk AVETI~0 k>g+1 (54)
CAVE2~0 (55)
dAVvETl~0 (56)

where ~ means that these expressions vanish, being substitute into the integral (52).
Equation (55) needs explanation. To prove this equation one has to take into account the
Riemann bilinear identity (49) and equation (53); note that

S_ijoS_;=0 1<i Jj<g.
The formula for the matrix elements (52) can be rigorously deduced for small y. Hence,

equations (54)—(56) lead to certain equations for the operators from .A(g) - A(Q). The latter
equations are obtained by applying the operation x (section 4):

X AVEH =0 k>g+1 (57)
x(cAVEH =0 (58)
x(d AV = 0. (59)

We conclude that the formulae for the polynomials s; needed in section 4 are exactly the same
as given in (43). Thus we put together the algebraic part of this work with the analytical one.

On the other hand, equations (57)—(59) are of purely algebraic character, so if they are
valid for small y they must be valid always. That is why we regularized the integrals for the
matrix element in order that equations (54)—(56) hold for any y.

Moreover, there is a dual model and we can consider the operators X = xX from
A(g) - A(Q). Equations (57)—(59) and the dual equations still have to be valid. The regularized
integrals are defined in such a way that this is the case. Equations (57), (59) and their duals
clearly follow from (44), (45) and (50), (51). The most interesting is equation (58). Owing to
the Riemann bilinear relation this equation follows from

cAVEZ~0 (60)
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Figure 1.

which is true if the subspace ¢ A V472 of the space V¢ is convoluted with the subspace
Ve
CA Vg72
where V) is the same as V¥ for the dual model (this notation is not occasional: the space Vy
plays the role of k-cycles for k-forms from V¥). In other words, we impose the equation
CAVer=0
and the dual equation (60) is imposed automatically due to the Riemann bilinear relation.

Let us discuss the classical limit in some more detail. Consider the hyper-elliptic curve X.
If we realize this curve as a characteristic equation of the classical analogue of the monodromy
matrix m(z) (21), the branch points of the curve can be shown real non-negative. In fact,
requiring g1 = (—1)$*'2 we put one of the branch points at z = 0. Thus the branch points
are 0 = q; < -+ < g2442. The Riemann surface is realized as a two-sheet covering of the
plane of z with cuts Iy = [ga—1,9x], kK = 1,..., g + 1. The canonical a-cycles 6_; and
b-cycles §; are shown in figure 1.

Under classical dynamics each of the separate variables z; oscillates in the interval
@2j—1 < 2j < qaj; topologically this corresponds to motion along the a-cycle 5_;. One can
show that the integral (s; |S_;) is described in the classical limit y — 0 by é_; of differential
. Thus the g-cycle (53) corresponds to the classical trajectory 6_; A --- A §_,. Recall that
the cycle (53) corresponds to insertion of the unit operator of the dual model. Introducing other
dual operators, one gets integrals with respect to both a-cycles and b-cycles. Classically, the
corresponding trajectories are not real, but the factorization by o’ A W,,,_, in (12) guarantees
that the classical non-real trajectories are not singular. The topological interpretation of the
dual model is a good point to conclude this paper.

Appendix A

In this appendix we shall give the canonical definition of the affine Jacobi variety Jug(?).
Consider the hyper-elliptic curve X of genus g:

w> —t(x)w+1=0.

We have the canonical basis with a-cycles &, —g < k < 0 and b-cycles §;, 0 < k < g.
Associate with this basis the basis of normalized holomorphic differentials w;:

f Cl)j=8ij Bijszj.
8_i 8

The Jacobi variety of this curve is the g-dimensional complex torus:

8

Jt) = ———.
@ 78 x BZs8
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With every point p € X we identify the point a(p) € J(¢) with coordinates

p
a;(p) =/b w;j.

For the reference point b it is convenient to take one of the branch points. The curve X has
two points over the point z = co; denote them by co® and consider the (g — 1)-dimensional
subvariety of J(¢) defined by

OF ={£ € J(IO(& +a(007)B( +a(00)) = 0)
where 0 is Riemann theta-function. It can be shown that there exist an isomorphism:
Jatr (1) == J (1) — OF. (61)

The equivalence of this description with the description in terms of divisors (section 1) is
due to the Abel map X[g] — J(¢) explicitly given by

(=aP)+A  aP)=) alp)

where A is the Riemann characteristic.

Appendix B

In this appendix we describe the regularization of integrals which has been used in the paper.
Define

Ag(f(8) = f(&+i8) — f(& —i8).

Introduce the polynomials
1
sk(2) = 5= (1@ A T @) + @A) T ()1
2iy 14 14

—1(2) A [ P O (7))

—I/(Z)A;l[Zkigilqz(g-‘—lik)t(Z(]iz)]>

L@ @) + 1@ (D)]2)

+(q2(g+17k)k _ qZ(kfgfl))[Zk7g71]>} k 2 0
si(z) = z8+1 —g<k<0

where the notation [ ]. means that only the positive degrees of Laurent series in brackets
are taken. Obviously, deg(sy) = g + 1 + k. Further, with every function f(¢) associate the
functions:

1
ul 10) = E{t(z)A;l(f(z)t(z)) +1' (A (F(0)'(2))
—1 @A (f(& —in)(2g™) — @A (F(& —iy)t(zg ™)
—f@Ot@1' @) + f(C +iy) = fC —iy)}
1
v f1©) = E{(—l)g”(A;l(f(c —iy)t(zg)NQX)Q (& —iy)
+ALN(f(& — i)t (2 )QE — i) Q')
=0 (fO1@)NQAC —iy)Q(©)

—AN(f@OF@)Q)Q (€ —iy))
+f (DU —iy)Q' ¢ —iy) + f(¢ —iy)QQ ()}
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l'TC: """""""""""""""""""""""""""""""""""""""
iYi """"""""""""""""""""""" +
(a) !
A] Az
ini '''''''''''''''''''''''''''''''''''''''''
iYi """"""""""""""""""""""""""""""""" +
b
Az Az
Figure B1.
Define
—sk(2) +ul f1(2) f=zke! k>1
5 (0) = { —s0(2) +ul f1(0) + (=1)**"2 f=¢z¢! k=0
—Zg+1+k —g <k<—1
and
v[f1(2) f=zst k>1
pi(C) = 1 v[f1Q) f=tzs! k=0
0 —g<k< -1
These definitions imply that
(s (2) + 5, (2)Q()Q(£) = 8, (pe(£)). (62)

Similarly, one introduces the functions Si(Z), S, (¢), Pr(¢), changing everywhere z by
Z, q by Q and iy-shift of ¢ by iz -shift of . One has

(Sk(2) + S, () Q) Q') = 8x (P (£)). (63)

Our goal is to define a pairing (/|L) between two arbitrary polynomials /(z) and L(Z) such
that /(0) = 0, L(0) = 0. Note that every such polynomial / (L) can be presented as a linear
combination of polynomials s (Sy).
Consider figure B1.
We define
Ay

(sklS1) = 2(0)Q ©)sk(2)81(2) dg

—00

Az oo
+ QAOQ ()5 (9)S1(Z2) dg +/ QQ ()5 (§)S; (©)dg
A

Ay



Dual Baxter equations and quantization of the affine Jacobian 3405

Aj+iy Ap+im
[ s@onoa- [T sone (64)
1 2

see figure B1(a). The first integral in the rhs converges at —oo because /(0) = L(0) = 0.
Equations (62), (63) guarantee that the regularization (64) does not depend on A, A, if they
remain ordered: A; < A,. Moreover, let us transform figure B1(a) into figure B1(b). The
alternative definition of the regularized integral referring to figure B1(b) is

Ay

(sklSr) = QQ (s (2)S1(2) d¢g
Ay 00
+ Q)Q (OIsk(2)S; () de +/A QQ ()5 (£)S; (0)dg

Ay

A+iy Ay
_ / 52 P(¢) ¢ — f ST (O pe(0) de. 65)
Ay A

2
The equivalence of the regularizations (64) and (65) is based on the following fact. It is easy
to realize that for any / and L there exists a function X;(¢) such that

(Si(Z) = 8 (€N Pr(§) = 8z (X (£))
(5k(2) = 5 (D P (8) = 8 (Xwa ().

The equivalence in question follows from the equality:

A+iy A+imr+y A+iy
/ (Si1(Z) = 8§, (£)g§)d¢ = (/ —/ )sz(é)dé
A A A

A+im+iy A+im . A+im
_ (/ _/ )Xk](g)dg“ =/ (5¢(2) — 5y (©))G() de.
A+iy A A
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